Abstract. The Janis-Newman-Winicour metric is a solution of Einstein's gravity minimally coupled to a real massless scalar field. The γ-metric is instead a vacuum solution of Einstein's gravity. Both spacetimes have no horizon and possess a naked singularity at a finite value of the radial coordinate, where curvature invariants diverge and the spacetimes are geodetically incomplete. In this paper, we reconsider these solutions in the framework of conformal gravity and we show that it is possible to solve the spacetime singularities with a suitable choice of the conformal factor. Now curvature invariants remain finite over the whole spacetime. Massive particles never reach the previous singular surface and massless particles can never do it with a finite value of their affine parameter. Our results support the conjecture according to which conformal gravity can fix the singularity problem that plagues Einstein's gravity.
Introduction
Einstein's gravity was proposed more than 100 years ago and is still the current framework for the description of the gravitational field and of the chrono-geometrical structure of the spacetime. The theory has passed a large number of observational tests, and current data agree well with theoretical predictions [1, 2] . Nevertheless, there are a few important problems demanding new physics. One of these open issues is that physically relevant solutions in Einstein's gravity have spacetime singularities, where predictability is lost and standard physics breaks down. While there have been many efforts to figure out how to solve the singularity problem, no attempt has been completely successful so far.
Among the proposals to solve the singularity problem in Einstein's gravity, here we are interested in the family of conformally invariant theories of gravity [3] [4] [5] [6] [7] [8] [9] . In Einstein's gravity, the theory is invariant under a general coordinate transformation
In conformal gravity, the theory is invariant under both a general coordinate transformation and a conformal transformation of the metric tensor g µν
where Ω = Ω(x) is a function of the spacetime point. In Einstein's gravity, we have to clearly distinguish coordinate singularities from spacetime singularities. The former are not a physical property of the spacetime but an artifact of the coordinate system. An example is the coordinate singularity at the horizon in the Schwarzschild spacetime in Schwarzschild coordinates. The metric is ill-defined at the horizon, but the spacetime is perfectly regular there and we can perform a coordinate transformation to remove the coordinate singularity. Spacetime singularities are instead a physical property of the spacetime. An example is the singularity at the center of a Schwarzschild black hole. Curvature invariants (e.g. scalar curvature, square of the Ricci tensor, Kretschmann scalar) diverge at r = 0 and the spacetime is geodetically incomplete there, regardless of the coordinate system.
The idea behind conformal gravity is that the spacetime singularities appearing in Einstein's gravity are actually an artifact of the gauge in conformal gravity (like coordinate singularities are an artifact of the coordinate system in Einstein's gravity) and there is always a suitable conformal transformation to remove the apparent singularity [10] [11] [12] [13] [14] . Note that the scalar curvature, the square of the Ricci tensor, and the Kretschmann scalar are invariants in Einstein's gravity but they are not co-covariant in conformal gravity (invariant under both Weyl and general coordinate transformations), so they cannot be used to check the regularity of the spacetime. From the point of view of conformal gravity, these quantities are like the components of a tensor in Einstein's gravity that change under coordinate transformations and may diverge in some coordinate system without implying that there are spacetime singularities. Note that, for consistency, matter can only be coupled to gravity via conformally invariant terms.
The world around us is definitively not conformally invariant. If we want to consider the possibility that conformal invariance is a fundamental symmetry in Nature, we must assume it is somehow broken, and a possibility is that it is spontaneously broken. This means that Nature has to choose one of the possible vacua (exact solution of the equations of motion). The spontaneous symmetry breaking consists in replacing the selected vacuum (exact solution of the equations of motion) in the action and choose a suitable gauge (for example the unitary gauge). The field fluctuation ϕ of the dilaton Φ is never physical and can be gauged away 1 , but in the broken phase the graviton starts to propagate on the selected vacuum. The latter could be just a constant, whether the spacetime background is Minkowski (assuming vanishing cosmological constant), or a nontrivial one if we are interested in curved spacetimes. The theory in the unitary gauge is still secretly conformal invariant, but the vacuum is not [12] [13] [14] . Nature should thus be able to select a vacuum which is singularity free on the base of the invariants of Einstein's gravity because these are what we can measure today in our Universe in the conformally broken phase. Note that at quantum level conformal symmetry is anomaly-free in the ultraviolet completion of Einstein's gravity as proved in [15] [16] [17] .
In this paper, we extend previous work and we add two more spacetimes to the list of the singular solutions of Einstein's equations that can become regular with a suitable conformal transformation Ω. We consider the Janis-Newman-Winicour (JNW) metric [18] , which is an exact solution of Einstein's equations in the presence of a massless scalar field, and the γ-metric [19, 20] , which is an exact solution of Einstein's equations in vacuum. Both spacetimes have no horizon and present a naked singularity at a finite value of the radial coordinate. We show that there is an infinite family of (singular) conformal transformations that makes these spacetimes regular everywhere. Curvature invariants are finite over the whole spacetime. Massive particles cannot reach in a finite proper time the previous singular surface. Massless particles cannot do it with a finite value of their affine parameter. The spacetimes become thus geodetically complete.
The rest of the paper is organized as follows. In Section 2, we briefly review the JNW and γ solutions in Einstein's gravity. In Section 3, we show that conformal gravity can solve the spacetime singularity in the JNW solution. In Section 4, we repeat our study for the γ-metric and we show that conformal gravity can solve the spacetime singularity. Summary and conclusions are in Section 5. Throughout the paper, we employ units in which G N = c = 1 and a metric with signature (− + ++).
Singular spacetimes

Janis-Newman-Winicour metric
The JNW spacetime is an exact solution of the Einstein equations in which matter is described by a real massless scalar field φ. The total action is
The static and spherically symmetric solution was found in Ref. [18] and, independently, in Ref. [21] , and it was later shown that the two solutions were the same [22] . The line element of the spacetime can be written as
where
3)
The solution has thus two parameters. M > 0 is related to the mass of the source. µ ∈ (1, ∞) is the scalar charge of the source. The solution for the scalar field is
where µ and σ are locked by the relation
For µ = 1, the JNW metric has a naked singularity at the radial coordinate
Here the spacetime is geodetically incomplete and scalar invariants diverge
For µ = 1, we recover the Schwarzschild metric after the coordinate transformation of the radial coordinate r = r + 2M . The value of the scalar charge µ indicates how much the JNW metric deviates from the Schwarzschild metric.
γ-metric
The γ-metric is an exact solution of the vacuum Einstein equations [19, 20, 23] . It belongs to the class of the Weyl metrics. The line element can be written as
10) Σ = r 2 − 2M r, and ∆ = r 2 − 2M r + M 2 sin 2 θ. As in the JNW metric, there are two parameters. M > 0 is related to the mass of the source. γ > 0 quantifies the deformation from spherical symmetry. For γ = 1, the spacetime is spherically symmetric and we recover the Schwarzschild solution. For γ > 1 (γ < 1), the spacetime is oblate (prolate). For γ → 0, we recover the flat spacetime. The total ADM mass as measured by an observer at infinity is M ADM = γM .
For γ = 1, the spacetime has a naked singularity at the radial coordinate
Since the γ-metric is a vacuum solution, R = R µν R µν = 0. The Kretschmann scalar is non-vanishing, but its expression is quite long for a general γ. If we consider, for example, γ = 2, the Kretschmann scalar is 12) and is divergent at r = r sing .
Resolving the singularity in the JNW metric
In conformal gravity, the physics is independent of the gauge, namely of the conformal factor Ω. A conformal transformation in conformal gravity is on the same ground as a coordinate transformation in Einstein's gravity. In the broken phase of conformal symmetry, Nature selects one of the vacua and only general covariance remains as an explicit symmetry of the action in the conformal unitary gauge. Here we show that there is an infinite family of gauges such that the spacetime is singularity-free even using the standard tools to check the regularity of a spacetime in Einstein's gravity. Nature should be able to select one of these regular vacua.
From previous work, we expect that the conformal factor capable of solving the singularity in the JNW metric should be singular at the spacetime singularity. This is what happens even in the coordinate singularity in Einstein's gravity: the coordinate transformation to remove the coordinate singularity at the horizon in the Schwarzschild metric in Schwarzschild coordinates is singular at the event horizon. As we will show in the next subsection, the spacetime singularity of the JNW metric in Eq. (2.2) can be solved by the following conformal factor
where n > 0 is an integer number.
Curvature invariants
We have checked with the Mathematica package for tensor calculus RGTC [24] the regularity of the scalar curvature, the square of the Ricci tensor, and the Kretschmann scalar. They are finite over the whole spacetime and the vanish at r = r sing lim r→r sing
Their expressions are too long to be reported here, but they have the following form
sing , and r
sing , and r which reduces to 1/L 2 for r → r sing and do not diverge.
Time-like geodesics
Let us now check if the spacetime is geodetically complete at the singular surface r = r sing of the JNW metric. For massive particles, we have g µνẋ µẋν = −1, where the dot˙indicates the derivative with respect to the proper time τ . For simplicity, we consider purely radial trajectories (θ =φ = 0) and therefore our master equation is
Since the metric coefficients are independent of the temporal coordinate t, we have the conservation of the particle energy E
If we employ Eq. (3.7) into Eq. (3.6), we geṫ
In our case of the conformally modified JNW metric, this equation readṡ
Integrating by part, we find that a particle moving from an initial radial coordinate r in towards r sing takes an infinite proper time to reach a certain radius r * ≥ r sing
r * is either the radial coordinate at which the denominator of the integrand vanishes or r sing if the denominator of the integrand does not vanish. The left panel in Fig. 1 shows the numerical integration of this expression for E = M = L = 1, n = µ = 2, and r in = 10.
Light-like geodesics
The generalization to massless particles is straightforward. The counterpart of Eq. (3.6) is
where now the dot˙indicates the derivative with respect to an affine parameter λ. Now we findṙ 12) and, when we integrate by parts, we get
for any integer value of n > 0. No massless particle can reach the surface r = r sing with a finite value of the affine parameter λ. The right panel in Fig. 1 shows the numerical integration of this formula for E = M = L = 1, n = µ = 2, and r in = 10.
Resolving the singularity in the γ-metric
With the same spirit, we can look for a suitable Ω to resolve the spacetime singularity in the γ-metric (2.9). For the sake of simplicity, we discuss the case γ = 2, but we expect that a generalization is possible for any real value of γ. The form factor capable of resolving the spacetime singularity is the counterpart of that in Eq. (3.1) for the case r sing = 2M
where n > 0 is an integer number. Note that the exponent here is n, while it was n/2 in Eq. (3.1). If the exponent were n/2 here, the curvature invariants would still diverge with n = 1. proper time τ as a function of the radial coordinate r of a massive particle with vanishing angular momentum moving to smaller radii from the initial coordinate r = r in . The solid line corresponds to the proper time in the rescaled metric and the particle cannot reach the surface r = r sing . The dashed line corresponds to the standard JNW metric in Einstein's gravity. Right panel: as in the left panel for the affine parameter λ of a massless particle. In these plots, we assume E = M = L = 1, n = µ = 2, and r in = 10.
Curvature invariants
We proceed as in the case of the JNW metric and we use the Mathematica package for tensor calculus RGTC. For n = 1, the expressions for the scalar curvature and the square of the Ricci tensor are compact and read
The expression for the Kretschmann scalar is still long, but has the form
If L = 0, these scalars do not diverge for r → 2M . Figure 2 . As in Fig. 1 for the γ-metric. The left panel shows the case for a massive particle, the right panel that for a massless one. In these plots, we assume E = M = L = n = 1, γ = 2, and r in = 11.
Time-like geodesics
Again, we proceed as in the case of the JNW metric. The counterpart of Eq. (3.9) iṡ
For a massive particle moving from an initial radial coordinate r in towards r sing , the proper time is given by 5) and diverges at r * ≥ r sing , as it was in the JNW spacetime. The left panel in Fig. 2 shows the numerical integration of this expression for E = M = L = 1, n = 2, and r in = 10.
Light-like geodesics
We employ Eq. (3.11), where now g tt g rr = −Ω 4 G. When we integrate by parts, we get
No massless particle can reach the surface r = r sing with a finite value of the affine parameter λ. The right panel in Fig. 2 shows the numerical integration of this expression for E = M = L = 1, n = 2, and r in = 10.
Concluding remarks
Einstein's gravity is plagued by solutions with spacetime singularities, where predictability is lost and standard physics breaks down. Despite significant efforts in the past sixty years, it is extremely difficult to get a gravity theory completely free from singular solutions. Conformal gravity seems to be able to solve the singularity problem in an elegant way by enlarging the symmetry group. Previous work has shown how conformal gravity can solve the spacetime singularities in the Friedmann-Robertson-Walker [4] , Schwarzschild and Kerr metrics [10] . In the present paper, we have added two more spacetimes to this list, the JNW metric [18] and the γ-metric [19, 20] . The JNW metric is an exact solution of Einstein's gravity in the presence of a minimally coupled real massless scalar field. The γ-metric is instead an exact solution of Einstein's gravity in vacuum. Both spacetimes have no event horizon and possess a naked singular surface at a finite value of the radial coordinate r. The spacetime is singular because it is geodetically incomplete and curvature invariants diverge at this singular surface.
In this paper, we have shown that conformal invariance can solve the spacetime singularities in the JNW and γ-metrics. Now curvature scalars are always finite. The spacetimes are geodetically complete and the previous singular surfaces are now "unattainable spacetime regions". No massive particle can reach the radial coordinate r = r sing . No massless particle can do the same within a finite value of its affine parameter. We emphasize that our results support the conjecture according to which conformal gravity in the spontaneously broken phase can fix the singularity problem.
